This paper presents the design, model identification, and control of a parallel-kinematic
Introduction
Multiaxis micro-and nanopositioning systems are increasingly used in most modern micro-and nanotechnologies, such as microand nanopatterning ͑imprint lithography, for example͒, scanning probe microscopy, and various other scanned probe/tool-based metrologies and process equipments ͓1-7͔. Most micro-and nanopositioners have a flexure-based mechanism and piezoelectric actuators and high resolution sensors. Flexure joints provide infinite motion resolution and preclude friction and backlash found in conventional sliding pairs. Piezoelectric actuators are widely used in nanopositioning due to their high bandwidth and theoretically infinite resolution. They typically deliver a large force output while consuming very little power, thus causing no heating problems, when used for positioning. Further, they are vacuum compatible and compact. However, they provide a very limited displacement output, have inherent hysteresis nonlinearities, and cannot withstand temperatures higher than the Curie temperature of the piezoelectric material.
Most previous nanopositioner designs focused on singledegree-of-freedom axis modules and multiaxis systems are realized by stacking individual units together. From a kinematics point of view, these designs belong to the class of serial kinematics systems in which the axes of motion are connected serially from a fixed base to the end effector to form an open kinematic chain. These designs are easy to implement and build from, and they have been used in many applications ͓2-8͔. The main problem in these designs stems from the relatively large inertias and relatively low dynamic stiffness of the resulting systems, which implies relatively low positioning bandwidths. In addition, these designs use different masses for motion in each axis that result in different natural frequencies and therefore performance capabilities along different axes, which in some instances are undesirable. Parallel-kinematic ͑PKM͒ designs overcome the above problems by having multiple kinematic chains that connect the base and end effector in a parallel scheme. Compared with serial kinematics designs, PKM designs usually have high structural stiffness due to their trusslike structure and shorter kinematic chains. Applications of different PKM designs for micro-and nanopositioning stages have also been reported ͓9-15͔.
The control design for serial kinematics systems is relatively simple because each actuation maps to a single direction of motion orthogonal to the others and thus decoupled. As a result, the dynamics along each of these directions can be easily described by a single input single output ͑SISO͒ system. Recently, these SISO control designs have yielded significant improvements in performance in terms of repeatability and bandwidth for a given resolution ͓16-19͔. For the PKM systems, control design can be pretty complex as such decoupling is often not possible as the influence vectors of the actuators may not be orthogonal. For this PKM mechanism, depending on the feedback methods, there are two control configurations. The first control configuration is to control the motion of each individual joint ͑kinematic chain͒ ͓10,20͔. The feedback variable is the actuation angle or related displacement of the piezoelectric actuator. This configuration is very similar to the tetrahedral tripod and the Delta robot ͓20͔. By directly controlling the motion of each joint, the end effector or table of the stage can be moved to any desired position in the task ͑or XYZ space͒. Forward kinematics and inverse kinematics describe the relationship of positions in joint and XYZ spaces. This direct joint control makes control design relatively easy since on each joint the coupling effects from the other joints are negligible; therefore a simple SISO design is sufficient. However, since the kinematics of the system is outside the control loop, this control scheme is susceptible to manufacturing inaccuracies, flexural deflections of the links and clearances and friction in the unactuated joints. Characterization of such errors can be very complex, and the long-term validity of designs based on the cancellation of these errors is unreliable.
The other control configuration is to control directly the position in the XYZ space. In this case, the feedback variables are displacements in the XYZ direction. Since the position in the XYZ space is directly controlled, there is no need to obtain the forward kinematics and inverse kinematics and related calibration. The accuracy of the system only depends on the resolution of the sensor and controller. In this configuration, there is no one-to-one correspondence between the actuation at the joints and the axial or principal directions of the task space. In other words, all three joints are coupled together; as a consequence, actuation of one joint may produce an output motion with components along multiple axes in the task space. Thus, this positioning stage is a coupled multiple input and multiple output ͑MIMO͒ system, which makes the control design and implementation relatively difficult.
In this paper, modern robust control theory is applied to a PKM XYZ nanopositioner to simultaneously achieve high bandwidth, resolution, and robustness. In this system, the control loop is closed at the end effector ͑XYZ͒, so as to provide high positioning resolution. Besides the plant being a strongly coupled MIMO system, the complexity in the control design is further aggravated by the proximity of the plant's poles to the imaginary axis as a consequence of the low damping provided by the flexure-based structures. Nonlinearities from the piezoelectric actuators, such as hysteresis and creep, as well as model uncertainties arising from flexure-based mechanisms pose additional challenges for achieving a high bandwidth controller with good resolution and reliability. In this paper, the design and characteristic of the PKM nanopositioning device are introduced, and then its dynamic model is identified. An H-infinity controller is synthesized to achieve the required performance. The resulted controller is implemented on a digital signal processor ͑DSP͒ based UMAC controller, and the system performance is characterized experimentally.
Device Description
The PKM XYZ nanopositioning ͑PKXYZNP͒ stage and a schematic of its kinematics model are shown in Fig. 1 . The detailed design, kinematics analysis, and dynamics analysis are described crank of the four-bar mechanism and the other on the base.
The position sensing system consists of three capacitance displacement sensors ͑Probe 2805 and Gauging Module 4810 by ADE Technologies͒ and a target that has three orthogonal surfaces for capacitance sensing. The sensors with a measuring range of Ϯ50 m and a subnanometer resolution ͑0.3 nm at 1 kHz͒ are used as displacement sensors to directly sense the motion of the end effector. The targets for the capacitive sensors are provided by a cubical metal block with three polished orthogonal surfaces mounted on to the end effector. Fixed to the base, the sensors measure displacement by sensing capacitance changes due to the motion of a metal target block connected to the end effector. As noncontact sensors, they do not contribute to load, friction, or wear. Further, for this setup, calibration is relatively easy and the resolution obtained is significantly higher than most other types of displacement sensing methods, such as sensing of the displacement from each joint. As we stated before, sensing and controlling joint motion will bring three SISO control systems. However, the task positions totally depend on kinematics interpolation, which is vulnerable to manufacturing error and calibration error.
The stage assembly is constructed by mounting the target block, sensors, and actuators on to the monolithic flexure structure. The stage design parameters along with an allowable hinge rotation produced a maximum displacement of about 87 m along each axis and a work zone with a volume of 3.223ϫ 10 4 m 3 . The detailed workspace analysis is presented in Refs. ͓14,15͔.
The static relationship between the displacement of each joint and the motion in the task space can be described by the forward kinematics and inverse kinematics. In Refs. ͓14,15͔, by analyzing the geometry relationship between joint positions and end-effector positions, the kinematics problem are solved. The motion in the XYZ directions is a function of joint displacement ␣ , ␤ and in Refs. ͓14,15͔. In this design, three independent kinematic chains connect the base and the end effector ͑the triangular table in Fig.  1͒ in parallel. Each kinematic chain is comprised of two parallelogram four-bar mechanisms. A parallelogram four-bar mechanism, which has equal length links connected to the base, makes the connector always parallel to the base. Thus, in spite of the rotation of the connecting links, the connector undergoes pure translation. In the kinematic chain, the first four-bar mechanism is rigidly connected to the base. It is also connected to the second by a hinge. The second four-bar mechanism is, in turn, connected to the end effector by a hinge. The two four-bar mechanisms are configured so that the instantaneous displacement vectors of their 
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Transactions of the ASME respective connectors are not parallel ͑in other words, they span a plane-here the XY plane͒. The hinge connection allows an outof-plane rotation between them. Further, the hinge between the table and the second four-bar mechanism permits one additional rotation along an axis parallel to the first. Together, the three kinematic chains restrict all rotational degrees of freedom at the table, leaving it with three translations to satisfy the constraints imposed by the three kinematic chains. The PKM mechanism offers many advantages over traditional serial kinematic designs, such as low mass since the moving mass is distributed to all the kinematic chains; high structural stiffness per unit mass, which is due to the trusslike structure and shorter kinematic chains from PKM mechanism and which contributes to higher bandwidths; and no error accumulation because PKM mechanisms tend to average out the errors of links and joints, while these errors are easily accumulated in serial kinematic mechanisms. The actual mechanical component of the stage is fabricated as a monolithic structure using electrodischarge machining ͑EDM͒. The triangular end effector at the center undergoes translation in the X, Y, and Z directions when the kinematic chains are actuated. A set of piezoelectric actuators were chosen for this stage ͑APA35XS by CEDRAT, free stroke of 55 m, blocking force of 27 N, and maximum driving voltage of 150 V͒ to actuate each of these kinematic chains at the first four-bar mechanism, which is connected to the base. The actuation direction is normal to the link that the actuator is attached to, as shown in Fig. 2 . Since the actuators cannot withstand large bending torques, they are mounted between two hinges, one on the ␥. X = X͑␣ , ␤ , ␥͒, Y = Y͑␣ , ␤ , ␥͒, and Z = Z͑␣ , ␤ , ␥͒. The velocity of the end effector is related to the angular velocities of the joints by the following relationship that defines the Jacobian matrix:
In the nanopositioning applications, the displacement of the end effector as well as of the joints are very small compared with the dimension of the overall mechanism. After linearizing the kinematics at the operating point, we obtain the following relationship between joint position and end-effector position:
In Refs. ͓14,15͔, the Jacobian matrix is derived as 
΅
Since the joint motion is closely related to the actuation effect of the corresponding actuators, Eq. ͑2͒ also reflects the steady state response of the stage system. The dynamic behavior of the PKM stage is analyzed by viewing the system as a multiple-degree-of-freedom harmonic resonator. This is justified since the flexure joints act as pure springs with extremely small damping effect. In Ref. ͓15͔, Lagrange's equations are used to calculate both the vibration modes and the natural frequencies for this underdamped multiple-degree-of-freedom system. The configuration is slightly different in this paper. In Refs. ͓14,15͔, a relatively heavy sensing target was used for motion sensing, whereby it is safe to assume that the mass is concentrated at the end effector and to use a lumped mass approach. The old configuration results in a simple system model, thus a simple controller design. In Ref. ͓15͔, a simple pole-placement controller was designed and implemented. In this paper, the target mass for the system is significantly reduced because, from a performance perspective, a small mass translates to a high bandwidth. As a result, the mass of the joints and the linkages cannot be neglected. This makes physical modeling of this system extremely difficult. Thus, for the purpose of control design, the dynamic model of the system is identified experimentally using frequency and time domain identification methods.
The setup of the control system is shown in Fig. 3 . A high resolution ͑16 bits͒ analog/digital ͑A/D͒ converter ͑ACC-28E from Delta Tau data systems͒ is used to translate the analog voltage positional signal to digital signals used by the controller ͑UMAC DSP-CPU board from Delta Tau data systems͒. Since the sensitivity of the capacitance sensor is 5 m / V and the maximum value of the 16 bit digital signal is 10 V, the resolution from the A/D converter is about 1.5 nm. Thus, the best overall resolution expected from the control loop is 1.5 nm. A piezoamplifier with a magnification factor of 20 is used to receive command signals from the controller and provide amplified voltage to drive the piezoelectric actuator. The physical system is set up on an optical table ͑vibration isolation table͒ and sealed in a chamber, so as to minimize the mechanical vibration transmitted from the environment, such as floor vibration and air flow͒.
Model Identification
The analysis of the positioning system and its control design requires an accurate dynamical model. As discussed in the previ- ous section, the PKM nanopositioning stage has a very complex mechanical structure, and it is extremely difficult to physically model the dynamic behavior of such a system accurately. In this paper, a linear model of the system is identified experimentally about an operating point, and the uncertainty in the model is accounted for by designing the control algorithm for robustness in addition to other performance criteria, such as bandwidth and resolution. The system that we identify the model for includes the actuators, the positioning stage, and the sensors. About an operating point at 0 V for all the actuators, we represent this system by a 3ϫ 3 transfer-function matrix
Here, V A ͑s͒, V B ͑s͒, and V C ͑s͒ are voltage inputs of three piezoelectric actuators ͑A, B, and C͒ and P X ͑s͒, P Y ͑s͒, and P Z ͑s͒ are position sensor responses in X, Y, and Z directions. In this matrix, the component G ij represents the transfer function from the input to the actuator i ͑i = A , B , C͒ to the output from the sensor j ͑j = X , Y , Z͒. Since the PKM design distributes the load and the motion to different joints to achieve high bandwidth and high accuracy, each actuator contributes to multiple sensor outputs. Thus, we cannot consider a simple diagonal model ͑consisting of three SISO systems͒ as it is impossible to decouple the inputs for the actuator and the displacement outputs from the stage.
Time domain identification tools from the systems theory ͓21͔ were used to obtain the dynamical model of the system. The system model can be described by a discrete linear state-space parametric model,
where x, u, y, and w are the state, input, output, and noise vectors. A finite length binary random input signal is used to excite the system. Both the input the and output from the system are recorded. Using these data, the model parameters A, B, N, C, D are identified by minimizing the difference between model output and actual output by using state-space parametrization methods in MATLAB. The discrete model can be converted to a continuous model by using Tustin or bilinear approximation z = e sT s Ϸ͑1 + sT s / 2͒ / ͑1−sT s / 2͒. A detailed procedure and its analysis can be found in Chaps. 6 and 7 in Ref.
͓21͔.
The time domain method was used instead of the frequency domain based sine-sweep method as it gave a more reliable model. The structure of stage in our design includes flexure hinges that have extremely light damping. As a consequence, the system suffers large amplitude vibrations at the resonant frequencies, which can potentially damage the flexure structure by plastic deformation. Actually, the difference in magnitudes at resonance frequencies and at low frequencies ͑dc gain͒ is as large as 60 dB. The plastic deformation can be avoided by using extremely low input amplitudes at these frequencies, which, however, deteriorate the accuracy of the model due to the relatively small signal to noise ratio. Thus, for this system, frequency test results are used only to verify the results from the time domain identification.
For time domain identification, a modified pseudorandom binary signal is used as the input signal. These signals, where their energy is distributed over the whole range of the spectrum, are gentle on lightly damped resonances. A signal is sent to each input channel of the stage, and the corresponding three outputs are recorded and analyzed. By using a parametric model estimation approach, a 3 ϫ 1 transfer-function matrix is identified for each input channel, which corresponds to one column of the overall transfer-function matrix. In our experimental setup, a sampling rate of 4 KHz was maintained by the data acquisition system.
An input signal with high frequency content over a bandwidth of 0 -200 Hz was generated by combining pseudorandom binary signals with different frequency bands. A step input signal was added to this test signal to accurately identify the dc gain and low frequency response. This input signal is shown in Fig. 4͑a͒ . The maximum magnitude for this signal is 0.5 V. A step input signal is combined with pseudorandom binary signals with three different frequency bands ͑50 Hz, 100 Hz, and 200 Hz͒, each of 1 s duration. Figure 4 demonstrates the result of this time domain identification for a single transfer function G AX ͑s͒ ͑from actuator A to motion in the X direction͒. The response of the identified model fits to the experimental response extremely well. The fit factor is about 96%. ͑The fit factor is defined as 1 − ͉y − ȳ͉ ͉y-mean͑y͉͒ where y is the measured output ͑in vector format͒ and ȳ is the simulated/predicted model output ͑in vector format͒ ͓22͔, 100% corresponds to a perfect fit.͒ Figure 4 compares the overall profiles the model and experimental responses, as well as a close comparison of these two responses, which validates the identified model. Similar results were obtained for other transfer functions, although they are not presented here. The fit factor for all nine transfer functions is listed in Table 1. The identified model has a rank of 13 and the transfer function G AX ͑s͒ is shown below ͑see the Appendixes for other transfer functions͒, The frequency response of the identified model is shown in Fig.  5 . From the bode plots, we observe that there are six main modes for the system, at frequencies near 175 Hz, 179 Hz, 245 Hz, 460 Hz, 474 Hz, and 740 Hz. Among these modal frequencies, 175 Hz, 179 Hz, 460 Hz, and 474 Hz are related to the response in the X and Y directions, and 245 Hz and 740 Hz correspond to the motion along the Z axis. From the design of the device, the three kinematic chains are designed symmetrically in the XY plane. Therefore, it can be expected that for an ideal system, any direction in the XY plane can be modal directions and can share the same modal frequency. However, imperfections in fabrication will result in a specific modal direction and very close frequencies. The model further validates the low damping in our flexurebased design where the damping factor is less than 0.01 for all the modes. To verify the accuracy of the model from time domain identification, the frequency domain identifications are applied to one channel, and the frequency responses of the model from these two identification methods are compared and plotted in Fig. 6 . Note that they fit well, which verifies the model from the time domain identification.
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The mechanical structure of our positioning stage is such that it results in motions that are almost linear since, compared to its dimensional scale ͑50 mm͒, the motion range is very small ͑100 m͒. However, the piezoelectric actuator is not linear due to nonlinear effects, such as hysteresis. The model identified from different operating points in the workspace demonstrates this effect. Figure 7 compares two model responses identified at two different operating points in the two sides of the workspace. At these two operating points, the piezoelectric actuators are given different initial voltages: 0 V ͑piezoelectric actuators are not energized͒ and 80 V ͑piezoelectric actuators are heavily energized͒. We find that the differences at low frequencies ͑Ͻ5 Hz͒ are significantly larger than at high frequencies. These differences are easily taken care of by designing high gain controllers ͑specially at low frequencies͒. Nevertheless, this model uncertainty adds to the need for robustness in control design.
Control Design
The primary objective of control design is to achieve a stage with high precision positioning and high bandwidth tracking capability that is robust to uncertainties in the operating conditions. These objectives are to be met under the limitations on the control signal that have to be within the range from −1 V to 7.5 V as per specifications of the piezoelectric actuator. High precision positioning requirements in target applications, such as tool placement in machines, place stringent demands on the control design for high resolution. This makes it necessary that the closed loop system rejects the disturbances acting on the system and attenuates noise over the bandwidth of interest. High throughput requirements of the target applications where tool delays directly factor out as economic loss make high bandwidth requirement a necessity. The positioning systems form components of machine tools that perform complicated tasks that require high precision positioning capability that is reliably repeatable under changing operating conditions. This requirement for reliability makes it important to account for robustness in the control design.
Model Reduction.
We fit a 39th order model for the positioning system ͑a 13th order transfer function for each column in G 3ϫ3 ͑s͒͒ by using the parametric identification method described in the previous section. The order of the model derived from frequency domain identification was very large ͑with the order of over 100͒ since the order of the overall system is given by the sum of orders of nine component transfer functions, each of which is identified separately. The resulting controllers based on models from frequency domain identification are also large, correspondingly needing more processing time that leads to larger sampling times, hence, the tracking bandwidth. For example, in an H ϱ control design, the order of the controller is the sum of the orders of the model and additional weighting functions in the design, which cannot be designed for high tracking bandwidths if the design is based on large models from frequency based identification.
We obtained a reduced order model for the positioning system by obtaining the balanced realization of its identified model and The approximation error in using the reduced order model as the nominal model for the positioning system is viewed as output modeling uncertainty given by G P ͑s͒ = ͑I + E o ͒G. Here, G P ͑s͒ represents the actual system, which is viewed as a perturbation of the reduced order nominal model G͑s͒, I is the unit 3 ϫ 3 matrix, and E o represents the model uncertainty. Therefore, E o = ͑G P − G͒G −1 . The maximum singular value of E o is shown in Fig. 10 . Note that the model reduction error is relatively low at low frequency ͑less than −20 dB below 140 Hz͒, high at high frequency ͑larger than 0 dB with frequency above 600 Hz͒. However, between 140 Hz and 600 Hz, there are three peaks corresponding to the modes of the system at about 175 Hz, 245 Hz, and 465 Hz. These peaks indicate large model uncertainty at the structural modes that places a greater emphasis on the need for a robust control design.
H ؕ Controller
Design. An H ϱ robust control approach is applied to design the control law for our PKM nanopositioning system ͓24͔. The robustness requirement in the controller design comes from the model reduction error, model variation at different operation points, and nonlinearity such as hysteresis. The factors are handled by a robust control design. One advantage of a robust control approach over other control design approaches is that the objectives of performance ͑i.e., bandwidth and tracking error͒, stability, and robustness can be considered simultaneously in one control design framework. The controller is obtained by solving Transactions of the ASME an optimization problem that incorporates performance objectives inside it. This approach avoids the tedious search over all the feasible space of control parameters from other approaches to find a satisfactory controller that meets all the performance requirements. In the H ϱ robust control approach, performance requirements are represented by different weighting transfer functions. These weighting transfer functions are used to shape the closed loop transfer function of the overall system, so as to achieve required performance. The closed loop diagram with weighted outputs is shown in Fig. 11 . We designed the weighting functions to shape the sensitivity transfer function S, which is the transfer function from error e to the reference r, the complimentary sensitivity transfer function T, which is the transfer function from the sensor outputs y to the reference r, and the control transfer function KS, the transfer function from control u to the reference r. W P is the weight on the sensitivity transfer function, which describes the performance objectives of a good tracking bandwidth. W T is the weight on the complimentary sensitivity transfer function, which shapes the performance objectives of noise rejection and W u is the weight on the control signal so as to bound control signal to be under saturation limits. In the control design, the controller is chosen so as to satisfy the following criterion:
whereby we can guarantee that ʈW P Sʈ max ഛ 1, ʈW T Tʈ max ഛ 1, and ʈW u KSʈ max ഛ 1; here, ʈ ʈ max means the maximum singular value of given transfer functions. The inverses of weighting transfer functions are designed to provide bounds on S, T, and KS. The transfer function W P is chosen to have high gain at low frequency and low gain at high frequency. In turn, the sensitivity transfer function will be small at low frequency so as to provide a good tracking performance at low frequency. For our system, the W P is chosen as This transfer function is designed to make sensitivity function has an input-to-error gain 0.01% at low frequency and a bandwidth of 50 Hz.
The design of such sensitivity weighting transfer functions effectively overcomes the model variation from the hysteresis and different operation point, since these model variations are dominant at low frequencies. The sensitivity function from the proposed design is extremely small at low frequencies; therefore, the closed loop device is insensitive ͑robust͒ to the low frequency model variations.
W P only specifies the low frequency bound. For the high frequency noise attenuation, we need to impose a roll off of the loop transfer function at high frequency. The limitation is imposed by designing the weight W T on the complementary sensitivity function. W T is chosen to have high gains at high frequencies so as to make complimentary sensitivity transfer function small at high frequencies. Thus the complimentary sensitivity function rolls off at high frequencies. For our system, we designed
with a high frequency gain of 120 dB and a rolling off rate of 40 dB slope ͑Fig. 11͑b͒͒. We need this high rolling off rate to decrease the effect of uncertainty peak at 175 Hz. The weighting function for control signal is chosen to be a constant as W u = 0.15 so that the control signal for piezoelectric actuator will not exceed the saturation limits ͑of 7.5 V͒.
H ϱ robust controller is achieved by minimizing
For the weighting transfer functions we used above, we get a 19th order controller with ␥ = 1.34. The singular value plots of the sensitivity transfer functions using different models are shown in Fig.  12 . Plot ͑a͒ shows the sensitivity functions with nominal model. The peak of achieved sensitivity function ʈSʈ max is less than 1.45 ͑3 dB͒. Plot ͑b͒ shows the sensitivity functions with the full order model. Due to the model reduction error, the controller designed from the reduced order model brings several peaks for sensitivity function. However, the maximum peak ʈSʈ max is less than 1.85 ͑5.25 dB͒. The small peak of ʈSʈ max indicates good robustness to the uncertainties inside the system. The bode plot of closed loop transfer function is shown in Fig. 13 . It can be easily found out that in the desired working frequency range, the diagonal element of the closed loop transfer function is almost 1 and the off diagonal element is very small, which means that the closed loop system follows the reference signal very well and cross coupling 
Experimental Results
For the multiaxis PKM positioning stage, the relationship between the three actuation angles and the motion of the end effector in XYZ coordinate system is available from the Jacobian matrix. Since the angular displacements ͑of the cranks͒ of the actuated four-bar linkages is proportional to applied voltages of the piezoelectric actuators, using the Jacobian to compute different combinations of driving voltages to the three piezoelectric actuators, the end effector can be moved to any steady-state position within its workspace. This would, in effect, be an open loop control of the PKXYZNP stage. Open loop control is very easy to implement but, given the extremely low damping associated with model vibrations and the nonlinearity in the system, such as hysteresis and creep effect of piezoelectric actuators, it cannot be expected to produce nanoscale accuracy in positioning or produce any fast tracking capabilities ͑because of the sustained oscillatory response to any actuation input͒. After applying the H ϱ robust control approach, good performance is achieved from our system. Nonlinearity, such as hysteresis and creep, can be suppressed greatly.
Hysteresis is a common nonlinearity for piezoelectric actuators. The displacement of piezoelectric actuators cannot follow a linear relationship with actuation command ͑voltage͒, which significantly limits the positioning resolution. For our PKXYZNP stage, the displacement of a single actuator will affect the motion in all XYZ directions. Thus, the hysteresis effect is attributed to all the directions. Figure 14 demonstrates an example of hysteresis curve in our system. Actuation voltage is applied to an actuator gradually from 0 V to 1.65 V, which corresponds to the motion about −10 m, 7.1 m, and 5.4 m in XYZ directions. It can be easily found out that the maximum output hysteresis is about 1.5 m ͑15% of the corresponding travel͒, the maximum input hysteresis is about 0.23 V ͑14% of corresponding driving inputs͒. These large hysteresis effects indicate large potential tracking error in an open loop configuration. However, H ϱ robust control effectively compensates this nonlinear effect. In Fig. 14͑b͒ , a reference command is given to an axis moving that axis from origin to 20 m and then moving back. The actual position is recorded and plotted. Virtually, H ϱ robust control design removes all the hysteresis effect. The detailed plot shows a maximum output and input hysteresis ͑from the tracking error͒ of about 20 nm, only 0.1% of overall input and output range. These hysteresis experiments also validate using the linear model that we identified only about one operating point. However, as clearly seen from these experimental results, the closed loop system gives a desired ͑linear͒ motion for the entire range of motions of the system, and it is insensitive to the error from simplification that we assumed in the open loop model. Creep is the other type of nonlinearity of a piezoelectric actuator, which deteriorates positioning accuracy. When a constant voltage is applied, a piezoelectric actuator shows a small drift with time due to the remnant polarization of the piezoceramics. Figure 15 shows the effect of creep. All the actuators were given command signals to move the stage to the origin and then keep it there. All the actuators experienced creep. Due to the symmetric design of our PKXYZNP stage, when all the actuators are affected in a similar way, they result in motion mostly in the Z direction, which is clearly seen in Fig. 15 . The corresponding result of the closed loop system is also shown in Fig. 15 . Clearly, H ϱ robust control law practically removes creep effect and tracks the reference signal well.
Resolution is an important performance for positioning system. In our flexure-based system, reference signals in the XYZ directions are directly controlled, and there is no error from kinematics interpolation. The resolution is primarily restricted by noise. In our system, most of the noise comes from the electric noise of the controller's digital to analog converter ͑DAC͒. Due to the low damping of the mechanical structure, this high frequency noise will vibrate the stage and deteriorate the positioning resolution. By designing the roll-off frequency and roll-off rate of the complimentary transfer function, the noise can be suppressed greatly. This determines the tradeoff between the resolution and the bandwidth of the system. If the bandwidth is lower, the complimentary transfer function can have a lower roll-off frequency, thus lower magnitude at high frequencies. For our system, Fig. 16 demonstrates the steady state output from a capacitance sensor under an open loop configuration as well as a closed loop configuration. The variance of the sensor output is much larger in open loop than in closed loop. The standard deviation of the output signal is 11.4 nm for an open loop configuration, which means that 68.3% reading is less than 11.4 nm. The value for a closed loop reading is only 1.89 nm. The two standard deviations ͑95.5%͒ and the three standard deviations ͑99.7%͒ are 22.6 nm and 30.1 nm, respectively, in open loop. For closed loop, these values are only 4.8 nm and 6.9 nm. These results clearly demonstrate the great improvement of the resolution under H ϱ robust control. The tradeoff between the bandwidth and the resolution can be derived from the power spectrum density ͑psd͒ of outputs ͑when there is no input to the system͒ shown in Figs. 6͑c͒ and 6͑d͒ . The variance of the signal ͑which determines the resolution as defined above͒ is given by the area under the plot. Reducing the bandwidth will result in reduced area under the psd plot, which means a better resolution. Accordingly, we can quantify the resolution-bandwidth tradeoff from these psd plots. Note that the area under the psd curve for the open loop ͑Fig. 6͑c͒͒ is larger than that under the closed loop ͑Fig. 6͑d͒͒, which further confirms the improvement in resolution due to the feedback, as illustrated in Figs. 6͑a͒ and 6͑b͒. A small step response is used to demonstrate the positioning capacities. The positioner is commanded to move with 10 nm steps, and the response is shown in Fig. 17 . Clearly, the positioner can resolve Ͻ10 nm position very well.
Bandwidth is another important characteristic for a positioning system. It defines how fast a system response to the input signal is. Although a −3 dB crossover frequency of a complimentary sensitivity transfer function is commonly used as a measurement of bandwidth, the crossover frequency at −3 dB from sensitivity function provides a better measurement because small error means good tracking performance no matter what the phase mismatch is. The singular value plots of the sensitivity transfer function and the closed loop transfer function are shown in Fig. 18 . The corresponding crossover frequencies are 32 Hz and 59 Hz. A response to the 2 m step input is also shown in Fig. 18 . The response has a 5 ms rising time, 8 ms peak time, and 11 ms setting time. Due to the small peak of the sensitivity transfer function, the step response has an overshoot of about 8%.
To demonstrate the tracking performance of the PKXYZNP stage, triangular and sinusoidal waves at different frequencies are sent to the stage, and output is recorded and plotted in Fig. 19 . The closed loop system tracks these signals pretty well for 5 -20 Hz signals. For a 40 Hz triangular signal, the command signals as well as outputs get round off at the corner due to the interpolation capabilities of the controller. Besides that, the control system even tracks 40 Hz well, except for phase shift.
In many nanomanufacturing applications ͑e.g., nanoparticle deposition and dip pen lithography͒, contouring performance may be more important than tracking performance. If the manipulator attached at the positioning stage follows the command contour ͑e.g., write a line͒, the operation is finished successfully. However if the actual contour is far from the desired contour a large patterning error will be introduced. Here a contouring error is defined as the minimum difference between an actual contour and a command contour. The contour error in a linear motion generated by driving two axes is discussed in Ref. ͓23͔, where it is shown that the offset in the linear path ͑the contour error͒ for a given trajectory angle ͑relative to the drive axes͒ is proportional to the velocity and the gain mismatch factor for the axes. If two axes have similar tracking capabilities, then the following errors from each axis will cancel each other; the actual contour may have a large lag over the command contour, but the contouring error will be low. A normal 45 deg linear motion is used to check the contouring capabilities because the velocity is distributed equally to the two axes. Thus, the difference in tracking capabilities will be directly reflected as a contouring error.
For serial kinematics positioner, one axis is carried by the other axis. The two axes inherently have differences in their capabilities since one axis takes more mass than the other. As a result, the contouring error for such systems can be pretty large, even if the tracking performance of each individual axis is good. For our PKM positioner, the structure is symmetrical on the XY plane and the load is distributed to all the actuators. The capabilities in X and Y directions, by design, generally have no difference. Thus, it is easy for an H ϱ control design to get similar tracking performances in these two axes, which makes the contouring error relatively low even at high speeds. Figure 20 demonstrates the contouring performance of the PKXYZNP stage. The end effector is commanded to move from the origin to point ͑20, 20͒ m and then move back at a different speed ranging from 10 m / s to 1000 m / s. The contouring error plot shows a low contouring error even at a high speed ͑average of 40 nm and maximum of 70 nm at 1000 m / s͒. The tracking error plot ͑Fig. 20͑b͒͒ demonstrates the reason for such less contouring error. For these two axes, the tracking performance is almost identical. The large tracking error ͑3 m͒ in each axis practically cancels each other from a contouring error point of view, which gives a very good contouring performance.
Conclusion
In this paper, the H ϱ robust control design is applied for a PKM nano positioning stage. Because of the design of the PKM structure, we get a MIMO dynamic system from the actuation effect to the motion in the XYZ directions, which cannot be decoupled to three SISO systems. The flexure structure removes the backlash and friction but also results in a low damping system with multiple structure modes. The dynamic model of the system is identified experimentally and its order reduced for control design. the Fig. 19 Tracking of "a… triangular and "b… sinusoidal waves at "a1… and "b1… 5 Hz, "a2… and "b2… 10 Hz, "a3… and "b3… 20 Hz, and "a4… and "b4… 40 Hz using an H ؕ controller. Reference: dotted. Output: solid. H ϱ robust control design generates a high bandwidth system ͑32 Hz͒ and a good resolution ͑Ͻ5 nm͒ for this prototype system. This PKXYZNP stage is characterized in terms of nonlinearity compensation, resolution and bandwidth, and tracking and contouring performance. The experimental results demonstrate the advantage of the H ϱ robust control design as well as the PKM structure for nanoposition application. This work demonstrates that high bandwidth systems can be achieved by designing low mass PKM structures and by leaving the burden of handling the resulting complexity due to cross coupling on the control design.
The bandwidth of such a system can be further improved by designing flexure with high stiffness ͑resulting in high natural frequency͒. 
